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1 Introduction 

A. Csaszar [6,7] defined generalized open sets in generalized topological spaces. In 1975, Maheshwari 
and Prasad [11] introduced concepts of semi- Ti -spaces and semi-i?o-spaces. In 1979, S. Kasahara [9] 
defined an operation a on topological spaces. In 1992 (1993), B. Ahmad and F.U. Rehman [1, 13] 
introduced the notions of 7-interior, 7-boundary and 7-exterior points in topological spaces. They 
also studied properties and characterizations of (7 ,/3 )-continuous mappings introduced by H. Ogata 
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[12]. In 1999 (2005), S. Hussain and B. Ahmad introduced the concept of 70-compact, 7*-regular, 
7-normal spaces and explored their many interesting properties. They initiated the concept of 7*- 
semi-open sets , 7*-semi-closed sets, 7*-semi-closure, 7*-semi-interior points in topological spaces 
[8] and discussed many of their properties. In 2006, they also introduced Aj-sct and A*^-sct by 
using 7*-semi-opcn sets. Moreover, they showed that the concepts of g.A^-set , g.A*-set, semi-Ti 
space and semi-i?o space can be generalized by replacing semi- open sets with 7*-semi-open sets 
for an arbitrary monotone operator 7 G r(X). 

In this paper, we continue studying the properties of 7*-semi-open sets in topological spaces 
introduced by S. Hussain, B. Ahmad and T. Noiri [8]. We also introduce and discuss 7-semi- 
continuous functions which generalize semi-continuous functions defined by N. Levine [10]. 

Hereafter, we shall write space in place of topological space in the sequel. We recall some defi- 
nitions and results used in this paper to make it self contained. 

2 Preliminaries 

Definition 2.1 [9]. Let (X,r) be a space. An operation 7 : r — )■ P(X) is a function from r to the 
power set of X such that V C , for each V G r, where denotes the value of 7 at V. The 
operations defined by 7(G) = G, 7(G) = cl(G) and 7(G) = intcl(G) are examples of operation 7. 
Definition 2.2 [9]. Let A be a subset of a space X. A point x G A is said to be 7-interior point of 
A iff there exists an open nbd N of x such that iV' C A. The set of all such points is denoted by 
mi-y(A). Thus 

intj {A) = {x e A:x e N Et and N'^ C A} C A. 

Note that A is 7-opcn [12] iff A =in^(A). A set A is called 7- closed [12] iff X-A is 7-open. 
Definition 2.3 [9]. A point x G X is called a 7-closure point of A C X, if n 7^ ^, for each 
open nbd U of x. The set of all 7-closure points of A is called 7-closure of A and is denoted by 
cZ-y(A). A subset A of X is called 7-closed, if clj{A) CA. Note that cZ-y(A) is contained in every 
7-closed superset of A. 

Definition 2.4 [12]. An operation 7 on r is said be regular, if for any open nbds U,V of x G X, 
there exists an open nbd W of x such that n 3 W^. 
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Definition 2.5 [12]. An operation 7 on r is said to be open, if for every open nbd U of each 
X G X,there exists 7-open set B such that x E B and U"^ C B. 



3 Properties of 7*-semi-open Sets and 7*-semi-closed Sets 

Definition 3.1 [8]. A subset A of a space (X,r ) is said to be a 7*-semi-open set, if there exists 
a 7 -open set O such that O C. A C cl^(0). The set of ah 7*-semi-open sets is denoted by SO^^ {X). 

Clearly every 7-open set is 7*-semi-open set. The converse may not be true as the following 
example shows: 

Example 3.2. Let X= {a, b, c}, r = {0, X, {a}, {b}, {a, b}, {a, c}} be a topology on X. For b e X, 
define an operation 7 : r ^ P{^) by 

' cl(A), if be A 
[ A, iib^A 

Calculations gives = {(f),X,{a},{a,c}}. Let A = {a, 6}. Then there exists 7-open set {a} such 
that {a} C ^ C cL^{a} = X. Also SO^{X) = {cp, X, {a}, {a, b}, {a, c}}.Thus A is 7*-semi-open set 
but not 7-open set. 

The following examples show that the concept of semi-open and 7*-semi-open sets are indepen- 
dent. 

Example 3.3. Let X= {a, b, c}, r = {cf), X, {a}, {b}, {a, b}, {a, c}} be a topology on X. For b e X, 
define an operation 7 : r ^ P{X) by 



7(A) = A'y=< 



A, if ae A 
cl{A), iia^A 

Calculations give 7-open sets are (f), X, {a}, {b}, {a, b}. Then A = {b, c} is 7*-semi-open but not a 
semi-open set. 

Example 3.4. Let X= {a, b, c}, r = {(/), X, {a}, {b}, {a, b}, {a, c}} be a topology on X. For b E X, 
define an operation 7 : r — P{X) by 
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j{A) = AT = < 



A, iibeA 

d{A), Mh^A 

Calculations give 7-open sets are ^, X, {6}, {a, 6}, {a, c}. Then A = {a} is semi-open but not 7*- 
semi-open. 

Definition 3.5 [8]. A subset A of a space X is 7*-semi-closed if and only if X-A is 7*-semi-open. 
Definition 3.6 [8]. Let A be a subset of space X and 7 G r(X). The intersection of all 7*-semi- 
closed sets containing A is called 7*-semi-closure of A and is denoted by sclj*{A). 
Note that A is 7*-semi-closed if and only if sdj* (A) = A . 

Definition 3.7. Let A be a subset of a space X and 7 G T{X). The union of all 7*-semi-open sets 
of X contained in A is called 7* -semi-interior of A and is denoted by sint^*(j4). 
Definition 3.8. A subset A of a space X is called 7*-semi-regular if and only if it is both 7*-semi- 
open and 7*-semi-closed. 

If A is 7*-semi-regular, then X-A is also 7*-semi-regular. The class of all 7*-semi-regular sets 
of X is denoted by SRy* {A). 

Definition 3.9. A subset A of a space X is called 7*-pre-open, if A = int^{clj{A)) .The class of all 
7*-pre-open sets of X is denoted by PO^* (A) . 

Definition 3.10. Let A be a subset of a space X. Then the 7*-semi-boundary of A is denoted by 
sbd^*{A) and is defined as sbd^*(A) = scl.y*{A) n scl^r*(X — A). 

It is clear that sbdj*{A) is a 7*-semi-closed set and contains sbd{A), where sbd{A) = scl{A) n 
scl{X - A) 

Remark 3.11. It follows from the definition that sbdj*{A) = if and only if A is 7*-semi-regular. 
Remark 3.12. Clearly from the definition of sclj* (A) and sintj* {A) that if A C B then sclj* {A) C 
scl^*{B) and sint^*{A) C sint^*{B) . 

The following is immediate: 
Theorem 3.13. Let A and B be any two subsets of a space X. Then scl^*{A U B) = sd^*{A) U 
sd^*{B), where 7 is a regular operation. 

The following are straightforward: 
Theorem 3.14. Let A be any subset of a space X. Then 

(1) sint^*{X -A) = X- sd^*{A) . 

(2) sdj* {X -A) = X - sint^* {A) . 
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(3) sint^*{A) = X - scly*{X - A) . 

Definition 3.15. The 7*-semi-exterior of A, written sextj*{A), is defined as the 7*-semi-interior 

oi X - A. That is, sext^*{A) = sint^*{X - A). 

Theorem 3.16. In any space X, the following are equivalent: 

(1) X - sbd^*{A) = sint^*{A) U sint^*{X - A). 

(2) 8cl^*{A) = sinty*{A) U sbd^*{A). 

(3) sbd^*{A) = sc/-y*(^) n sd^*{X - A) = sclj*{A) - sint^*{A). 

Proof. (1) ^ (2). Prom (1), we have, X - sbd^*{A) = sint^*{A) U sint^*{X - A). Also X - 
sint^*{X — A) = scl^*{A). Therefore sd-y«(^) = X — sintj*{A). 

(2) =^ (3). Prom (2), we have scl^*{A) = sintj*{A) U sbd^*{A) = sclj*{A) n{X - sint^*{A)) 

= scl^* {A) n sd^ - ^) = s^d-y* (^)- 

(3) =^ (1). sint^*{A) U sinter* {X - A) = {{sint^* {A)yy U (sint^^X - A)) 
= {sd^.. {X - A)r\ sd^* {A)Y = {sbd^, {A)y = X- sbd^* {A). 
Proposition 3.17. (a) Prom (3), we have sbd^*{A) = sbdj*{X — A). 
{h)sdj* {sd-y* (A)) = sdj*{A) , if 7 is an open operation. 

Theorem 3.18. Let A be any subset of a space X. Then 

(1) sbd-y{A) = sd-y*{A) - sintj*{A). 

(2) sbd-^f* (A) n sm^. (A) = cf) . 

(3) sd^*{A) = sintj*{A) U sbd^*{A). 

(4) sbd^,*{sint^*{A)) C sbd^*{A). 

(5) sbdj* (sd^ {A}) C sbdj*{A) , if 7 is an open operation. 

(6) X - sbd^* {A) = sint^* {A) U sint^* {X - A) . 

(7) X = sintj*{A) U sint^*{X - A)\J sbd^*{A). 

Proof. (1) X - sd^*{X - A) = sint^*{A) . Therefore sbd^*{A) = sd^*{A) D sd^*{X - A) = 
sd^*{A) — {X — sd-y*{X — A)) = sdj*{A) — sintj*{A). 

(2) sbd^iA) n sintj*{A) = {sdj*{A) - sintj*{A)) n sint^iA) = (/>. 

(3) By (1), sin^*{A) U sbd^iA) = sint^*{A) U {sd^*{A) - sint^*{A)) = sd^iA). 

(4) and (5) follows directly. 

(6) X - shd^,*{A) = X - {sd^*{A) n sd^*{X - A)) = {X - sdj*{A)) Li {X - sd^*{X - A)) = 
sintj*{X — A)U sint^''{A) = sint-y*{A) U sint^*{X — A). 
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(7) is clear. Hence the proof. 

Theorem 3.19. Let A be a subset of a space X. Then 

(1) A is 7*-semi-open if and only if ^ fl sbd^*{A) = (j) . 

(2) A is 7*-semi-closed if and only if s6d^*(A) C A. 

Proof. (1) Let A be 7*-semi-open. Then X — A is 7*-semi-closcd and therefore .sc/^*(X — A) = 
X-A. Next (Prom [8]) Ar\sbd^*{A) = An{scl^*{A)nsd^*{X - A)) = Ar\scl^*{AniX - A)) = cp. 

Conversely, let AOsbd^* (A) = 0. Then ^n(sc/-y* (^)nsc/-y* (X-A)) = , or Ansd-y* (X-A) = cj) 
implies scl^* {X — A) C (X — A). So X — A is 7*-semi-closed implies A is 7*-semi-open. This 
completes the proof. 

(2) Let A be 7*-semi-closed. Then scl^* {A) = A. Now sbd^* {A) = scl^* {A) D scl^* (X-A) C 
sd^*{A) = A. 

Conversely, let sbd^ (A) C A. Then sbd^,* (A) n {X - A) = (p. Since sbd^,* (A) = sbd^,* {X - A) 
implies that sbd^*{X — ^) n {X — A) = (p. Therefore X — A is 7*-semi-open by (1). Hence A is 
7*-semi-closed. This completes the proof. 

Theorem 3.20. Let A be any 7*-semi-closed subset of X. Then we have sbdj*{sbdjf{sbd^*{A))) = 
sbd-y* {sbd^* (A)) , where 7 is a regular operation. 

Proof. Since scl^* (A) = ^ if and only if A is 7*-semi-closed. We have 

sbd^* {sbdj* (sbd^ (A))) = scL/* [sbdj* (sbd^ (A))] H sdj* [X — sbdj* {sbd^* (^))] 
= sbd^* (sbd^, (A)) n sd^* [X - {sbd^* {sbd^* (A)))] ... (*) 
Now consider, 

X - (sbd^ {sbd.,* (A))) = X - [sd.,* {sbd^* (A)) fl sd^* {X - sbd^* {A))] = X - [sbd^* (A) n sd^ {X - 

sbdj*{A))] = {X- sbd^*{A)) U (X - sdj*{X - sbd^*{A))). 

Therefore, 

sd^* [X - {sbdj* {sbd^* (A)))] = sd^* [{X - sbd^* {A)) U (X - sd^* {X - sbd^* {A)))] 

= sdj* {X — sbdj* (A)) U scZ-y* {X — sd^* {X — sbdj* {A))) 

= DU sdj* {X - sdy* {X-D)) = X ... (**) 

Where D = sd^*{X - sbd^*{A)). By (*) and (**), we have 

sbd^* {sbd^* (sbd^* (A))) = sbd^* (sbd^* (A)) (1 X = sbd^* {sbdy* (A)) . Hence the proof. 

Definition 3.21. An operation 7 is said to be semi-regular, if for every semi-open sets U and V 

containing x & X, there exists a semi-open set W containing x such that W UV^ ^ W . 
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Definition 3.22. An operation 7 is said to be semi-open, if for every semi-open set U containing 
X G X , there exists a semi-open set S containing x and S CU"^ . 

Example 3.23. Let X = {a, b, c}, r = {(p, X, {a}, {a, b}} be a topology on X. Define an operation 
7 : T ^ P{X) by j{A) = cl{B). Clearly semi-open sets are {a}, {a, 6}, {a, c}, 0, X . Calculations 
give that 7 is not semi-regular but 7 is semi-open. 

The following is straightforward: 
Theorem 3.24. Let 7 : r — )■ P{X) be a semi-regular operation on 7. If A and B are 7*-semi-open, 
then Ar\B is also 7*-semi-open. 

The following example shows that the condition that 7 is semi-regular is necessary for the above 
theorem. 

Example 3.25. X = {a, b, c}, r = {0, X, {a}, {c}, {a, c}} be a topology on X. Define an operation 
7 : r — P{X) by ^{A) = int{cl{B)). 7*-semi-open sets are {a}, {c}, {a,b}, {b, c}, (p, X . It is 
easy to see that 7 is not semi-regular operation. Here {a, b} and {b, c} are 7*-semi-open sets but 
{a, b} n {b, c} = {b} is not 7*-semi-open. 

Theorem 3.26. Let A and B be subsets of a space X and 7 a semi-regular operation. Then 

(1) sintj*{sint^*{A)) = sint^*{A) . 

(2) sint^*{A U S) D sint-y*{A) U sint^*{B). 

(3) sint^* {Ar\B) = sint^* (A) n sint^* (B). 
Proof. (1) and (2) are obvious. 

(3). Let X G ,sm^*(^) nsint^*{B). Then x G sint^f*{A) and x € sint^*{B) . This gives that 
there exist scmi-opcn sets U and V containing x such that C A and V'^ C B . Therefore, 
we have U'^ C A^ B. Since 7 is semi-regular, there exists semi-open nbd W of x such 

thatM^'^ C i/i' n yi'. Consequently, VF^ C A n B. That is, x G sint^*{A n B) implies sint^*{A) n 
sintj* (B) C sint-y* {Ar\B). 

Conversely, Ap[B <^ A implies sint^* (ACiB) C sintj* (A) . Also An B C B , gives sint^* {A fl 
B) C sint^* (B) . Thus sinty* {An B) C sint^* {A) D sint^* (B) . Consequently, sint^* {An B) = 
sint^*{A) n sint^,*{B) . This completes the proof. 

Theorem 3.27. For any subsets A, B of a space X , if is semi-regular operation, then 

(1) sexty* (AUB) = sext^ (A) n sext^ (B) . 

(2) sbd^* {A[JB) = [s6c?^* {A) n sclj* {X - B)] U [sbdj* {B) n scl^* {X - A)]. 
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(3) sbdj*{A n 5) = [sbd^*{A) n scl^*{B)] U [sbdj*{B) n scl^*{A)]. 

Proof. (1) sext^*{A U B) = sint^*{X - {A\J B)) = sint^*{{X -A)r\{X- B)) 

= sint^* {X — A)r\ sint^* {X — B) = sext^* (A) n sext^* (B). 

(2) sbd^* {A\JB) = sd^* {A\JB)n sd^* {X - {Au B)) 
= {sdj* (A) U sdj* (B)) n sd^* {{X -A)r\{X- B)) 

= {sd^* (A) U sd^* (B)) n {sd^* {X - A) D sd^* {X - B)) 
= {sd^* (A) U sd^* {B)) n (sd^* {X - A) n sd^* {X - B)) 

= {sd^* {A) n sd-y* (X - A)) n {sdj* {X -B)U sd^* (B)) n (sd-^* {X - A) n sd^* {X - B)) 
= sbd-y* {A) n sd^* {X - B)Li sbd^* {B) D sd^* {X - A). 

(3) sbdj* {Ar]B) = sd-y* {Ar\B)r\ sd-y* {X - {Ar\ B)) 

= {sd^* {A) n sd^. {B)) n sd^. ((X - A) U (X - B)) 

= {sd.,, {A) U sd^. {B)) n (sd^. ((X - A) r\ sd^* (X - 5))) 

= (sd^. (A) n sd^. (X - A)) n (sd^. (X - B) U sd^. (B)) n (sd^. (X - ^) n sd^* (X - 5)) 
= sbdj* (A) n sd-y* (X - 5) U s6(i-y. (S) n sd^. (X - 
Proposition 3.28. If 7 is semi regular operation, then 

(1) sextj*{X — sextj*{A)) = sext^*{A). 

(2) sext^* {AnB) D sext-y* {A) U sext^* {B). 

The following is immediate from the definition: 
Proposition 3.29. A set A of a space X is said to be 7*-semi-closed if and only if there exists a 
7-closcd set F such that int^{F) C yl C F. 

Theorem 3.30. A subset A of a space X is 7*-semi-closed if and only if int^{d^{A)) C A. 
Proof. Suppose that A is 7*-semi-closed. Then there exists a 7-closed set F such that intj{F) C 
A C F. This implies that int^{dj{A)) C int-y{F) C A gives int-y{d-y{A)) C A. 
Next suppose that int-y{d-y{A)) C A . Putting d-y{A) = F, we get intj{F) C A Q d^{A) = F. 
This shows that A is 7-semi-closed. Hence the proof. 

4 7-semi-continuous and 7-semi-open functions 

Definition 4.1. A function / : (X, r) — )■ (Y, r) is a 7-semi-continuous if and only if for any 7-open 
B in Y, f~^(B) is 7*-semi-open in X. 
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Theorem 4.2. Let f : X he a function and x E X . Then / is 7-semi-continuous if and only 
if for each 7-open set B containing f(x), there exists A G SOj*{X) such that x E A and f{A) C B, 
where 7 is a regular operation. 

Proof. Suppose that / is 7-semi-continuous. Therefore for 7-open set B in Y, f^^{B) is 7*-semi- 
open in X. We prove that for each 7-open set B containing f{x), there exists 7*-semi-open set A 
in X such that x € A and f{A) Q B . Let x e f-^{B) G 50^* (X) and A = f-^{B) . Then xeA 
and f{A) C ff-^{B) C B, where B is 7-open. 

Conversely, let B be 7-open set in Y. We prove that inverse image of 7-open set in Y is 7*- 
semi-open set in X. Let x G /"^{B) . Then f{x) G B. Thus there exists an A^ G SOj*{X) 
such that X e Ax and /{A^) C B . Then x e A^; C f~^{B) and f~^{B) = Uxe/^H-B) implies 
f^^{B) G SOy*{X), since 7 is regular operation [8]. This proves that f is 7-semi-continuous. 
Definition 4.3. A function f : X is said to be 7-semi-open if and only if for each 7-open set 
U in X, f{U) is 7*-semi-open in Y. 

Lemma 4.4. If A is 7*-semi-open and A C. B. Then A C cl^{int-^{B)) . 

Proof. Since A is 7*-semi-open, A C cZ^(mt-y(A))[8]. Also, ACS implies that int^{A) C intj{B) 
. So clj{intj{A)) C cl~f{intj{B)) implies A C clj{int~^{B)). This completes the proof. 
Theorem 4.5. A function f : X ^ Y is 7-semi-open if and only if for every subset 
ECX ,we have f{inmE)) C cl^{int^{f {E))) . 

Proof. Let f be 7*-semi-open. Since f{int^{E)) C f{E)^ then by supposition f{int^{E)) is 7- 
semi-opcn. So by Lemma 4.4, we get f{inty{E)) C cl^{inty{f (E))) . 

Conversely, let the condition hold and let G be any 7-open set in X. Then 
int~^{f{G)) C f{G) C f{intj{G)) C clj{int~^{f{G))). Therefore f{G) is 7*-semi-open and conse- 
quently / is 7-semi-open. This proves the theorem. 

Similarly, we can prove: 

Theorem 4.6. A function f : X ^ Y is 7-semi-open if and only if for every subset G of Y, 

int^if-HG))Qd^if-H^nt,iG))). 

Theorem 4.7. Let f : X ^ Y he 7-scmi-continuous and 7-semi-open and let A G 50^* (X). Then 
f{A) G SO-y*{Y), where 7 is an open operation. 

Proof. Since A is 7-semi-open, there exists 7-open set O in X such that O C A C cl^{0). Therefore 
/(O) C f{A) C f{cl^{0)) C cl^{f{0)). Thus f{A) G SO^*{X). Hence the proof. 
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Theorem 4.8. Let / : X — > y be a function. Then the following are equivalent: 

(1) f is 7-semi-continuous. 

(2) /(sc/^.(A)) C cl^{f{A)) , for any subset A of X. 

(3) sbd^*{f-\B)) C f-^bd^{B)), for any subset B of Y. 

Proof.(l) =^ (2). Let A be any subset of X. Since c/^(/(yl)) is 7-closcd in Y, then f is 7-semi- 
continuous implies f~^{clj{f{A))) is 7*- semi-closed in X, which contains A. ^4 C f~^{cl-y{f{A)) 
gives 

scl^*{A) C scl^*{r\cl^{f{A))) = f-^cl^ifiA)). Therefore f{scl^*{A)) C /(/-i(cZ^(/(^)))). 
Consequently, f{sd^*{A)) C d^{f{A)) . This gives (2). 

(2) ^ (1). Suppose f{scl^*{A)) C d^{f{A)) , for A C X . To prove (1), let B be 7-closed subset 
of Y. We show that f ^^{B) is 7*-semi-closed. By our hypothesis, 

fisd^^irHB))) C d.,{f{r\B))) C d^{B) = B implies 

sd^.{f-\B)) C f-^f{sd^.{f-\B))) C f-\B) or sd^*{f-\B)) C f-\B) implies r\B) is 
7* -semi-closed in X. Thus f is 7-semi-continuous. 

(1) ^ (3). Suppose that f is 7-semi-continuous. Let B be any subset of Y. Then 
sbdj^{f-^{B)) = sdj^{f-^{B)) n sdj*{X - f-^{B)) 
C sdj*{f-\d^{B)) n sdj*{f-^{dj{Y - B)) 

= rHd^iB)) n f-\d^iY - B)) = f-\d^{B) n d^{Y - B)) = r\hd^{B)). 
Therefore, sbd^,{f-^{B)) C f-\bd^.{B)). 

(3) (1) . Let B be 7-closed in Y. We show that f'^{B) G sd.,*{X). Since sbd^*{f~^{B)) C 
f-\bdy{B) C f-\B)) implies sbd^*{f-\B)) C f-^{B)) gives f-^{B) is 7*-semi-closed in X. 
Hence / is 7-semi-continuous. 

Theorem 4.9. A function / : X ^ y is 7-semi-continuous if and only if for every subset G of Y, 

sd^*{r\G))cd^{r\G)) . 

Proof. Since / is 7-semi-continuous, so by Theorem 4.8, we have 

f{sd^.{A))Cd^{f{A)) ...(1) 

Let G be any subset of Y. Put A = f-^{G) then f{sd^*{f-^{G))) C d^iff-\A)) C d^{G) . This 
implies that f\sd^*{f-^{G))) C d^{G). 

Conversely, suppose that for for any subset G of Y, f{sdj*{f^^{G))) C dj{G) . Let G = f{A) 
for ACX. Then scZ^*(^) C sd^*{f-\G)) C f-\d^{f{A)). Therefore f{sd^*{A)) C d^{f{A)). 
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By Theorem 4.8, / is 7-semi-continuous. 

Lemma 4.10. Let A C B and B G SC^*{X) , then sbdj*{A) C B, where SC^*{X) is the class of 
all 7* -semi-closed sets of X. 

Proposition 4.11. li An B = cj) and A is 7-open, then A n cl^{B) = (p. 

Using this fact, wc obtain the following. 
Lemma 4.12. Let An B = cp and A a 7-open set of X, then A n hd^{B) = (p . 
Theorem 4.13. Let B be any subset of a space Y. A bijective function / : X — >■ y is 7-semi-open 
if and only if f-^{shd^*{B) C bd^{f-^{B)) . 
Proof. Suppose f is 7-semi-open and B CY . Put 

U = X-bd^{f-\B)) ...(*) 

Then U is 7-open. Therefore f{U) is 7*-semi-open in Y. This gives Y — f{U) G SCy{Y) . Since f 
is bijective, therefore by (*), wc get B CY — f{U). Then by Lemma 4.10, we have 

f-Hsd^,{B)) c f-\Y f{u)) = rHY) - rHfiu)) c X - [/ 

= X -{X- bd^{f-\B))) = bd^{f-\B)) Consequently, we have 
rHsd^*{B))Cbd^{f-\B)) . 

Conversely, suppose f~^{sdj*{B)) C bdj{f~^{B)) , for any subset B of Y. We prove that f is 
7-semi-open. Let U be 7-open in X. Put B = Y — f{U). Clearly B fl f{U) = (f), which gives 
Ur\f-'^{B) = (j). By Lemma 4.12, we have U D bd^{f-'^{B)) = (p. Consequently, f-'^{sd-y*{B)) C 
bd^{f-^{B)) gives Ur\f'^{sbd^*{B)) = </) or cj) = /{U n f-^{sbd.,*iB))) = f{U) f] sbd^*iB) implies 
sbdj*{B) C y — /([/) = B gives B is 7*-semi-closed. Consequently f{U) is 7*-semi-open. This 
completes the proof. 

Theorem 4.14. A function / : X ^ y is 7-semi-open if and only if for every subset A C. X , 
f{inty{A)) C dy{intyf{A)). 

Proof. Since intj{A) C A and let / be 7-semi-open, we have f{int~^{A)) C f{A). By supposition 
f{intj{A)) is 7*-semi-open. So by Lemma 4.4, we get f{intj{A)) C clj{intj{f{A))). 

Conversely, let G be any 7-open set in X. Then f{G) = f{inty{G)) C cly{inty{f{G))) .Therefore 
/(G) is 7*-semi-open and consequently f is 7-semi-open. This completes the proof. 
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